CoBpeMeHHBIe IPOOIEMBI HHTEIUIEKTyaIbHBIX CHCTeM. PecyOnukanckas HayqHO-IpakTHIecKas koHdepennus. Jxu3ak, 18-19 anpens 2025 &

IKKINCHI TARTIBLI SINGULYAR DIFFERENSIAL TENGLAMA UCHUN
CHEGARAVIY MASALANING CHEBISHEV POLINOMLARI BILAN YECHIMINI
SPEKTRAL USULDA O ‘RGANISH

Uzakbaev Jangeldi Sabitovich
TATUNF 2-kurs magistranti
zhanuzakbaev@gmail.com
Annotatsiya: Ushbu maqolada ikkinchi tartibli singulyar differensial tenglama uchun
chegaraviy masalaning Chebishev polinomlari yordamida spektral usulda yechimini topish va
tahlil gilish masalasi ko‘rib chigilgan.
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chegaraviy masala, ortogonal polinomlar, rekursiv munosabatlar.

W3YYEHUE PEIIEHUS KPAEBOM 3AJTAYHU JJ151 CUHI'YJISIPHOI'O
JUNOPEPEHIHUAJIBHOI'O YPABHEHUSA BTOPOI'O INTOPAJAKA C IIOMOIIBIO
IHOJIMHOMOB YEBBIIIEBA CIIEKTPAJIBHBIM METOAOM

AHHoOTanus: B 1aHHOM cTaThe paccMaTpuBaeTCs 3ajjaya HaXOXKACHUS M aHAJIN3a PEeLICHUS
KpaeBOM 3ajaud sl CHHTYJSIpHOTO JU((EpeHINATFHOTO YpaBHEHHS BTOPOTO TOpSIKA C
UCIIOJIb30BAHUEM CIEKTPAIBHOIO METO/1a HA OCHOBE ITOJIMHOMOB YUeOnlIeBa.
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STUDY OF THE SOLUTION OF A BOUNDARY VALUE PROBLEM FOR A
SECOND-ORDER SINGULAR DIFFERENTIAL EQUATION USING CHEBYSHEV
POLYNOMIALS BY THE SPECTRAL METHOD

Abstract: This paper examines the problem of finding and analyzing the solution of a
boundary value problem for a second-order singular differential equation using the spectral method
based on Chebyshev polynomials.
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boundary value problem, orthogonal polynomials, recursive relations.

Kirish. Singulyar differensial tenglamalarni yechish usullari zamonaviy matematikaliq
modellashtirishda katta ahamiyatga ega, chunki ular real dunyo muammolarida, masalan, tebranish
jarayonlari yoki issiglik o‘tkazuvchanligini modellashtirishda uchraydi. Chebishev polinomlari
yordamida spektral usulni go‘llash yechimning anigligini oshiradi va hisoblash xarajatlarini
kamaytiradi.

Ikkinchi tartibli singulyar differensial tenglamalar matematika va fizikaning ko‘p sohalarda,
masalan, approksimatsiya nazariyasi, mexanika va signalni gayta ishlashda muhim rol o‘ynaydi.
Ushbu tenglamalarni yechishda Chebishev polinomlari ortogonal xususiyatlari tufayli samarali
vosita sifatida qgo‘llaniladi. Mazkur ishda [-1, 1] intervalida chegaraviy shartlarni
ganoatlantiradigan ikkinchi tartibli differensial tenglamaning spektral usul yordamida yechimini
o‘rganish magsad gilingan[1].

Masalaning qo‘yilishi. Chebishev polinomlari bilan bog‘lig be‘lgan differensial
tenglamani ko‘rib chigaylik:

1—-x2)y" —xy+ Ay =0, —-1<x <1,
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bu yerda y = y(x) — izlanayotgan funksiya, y"' = %— ikkinchi hosila, y’ = Z—f, —

birinchi hosila, A esa yechimning xarakterini belgilaydigan parametrdir. Belgilangan soha ochiq
interval sifatida -1 < x < 1 shaklida berilgan.

Ushbu tenglamaga chegara shartlari qo‘yiladi, ya’ni y(x) funksiyasi interval chegaralariga
yaginlashganda, ya’nix — —1vax — 1 dacheklangan bo‘lishi talab gilinadi.

Tenglamani tahlil gilish va yechish usulini tanlash. Ushbu tenglama o‘zgaruvchan
koeffitsientlarga ega bo‘lgan ikkinchi tartibli chizigli differensial tenglamadir. y” oldidagi
koeffitsient 1 — x? bo‘lib, u x = + 1 da nolga aylanadi, bu esa ushbu nugtalarni maxsus
(singulyar) nugtalar giladi. O‘zgaruvchan koeffitsientlar tufayli doimiy koeffitsientli tenglamalar
uchun xos bo‘lgan standart usullar go‘llanilmaydi. Buning o‘rniga yechimni darajali gator shaklida
izlash mantiqiy[2].

Yechimni darajali gator shaklida izlash. Yechim quyidagi shaklda bo‘lishini faraz
gilamiz:

o)

Yy = ) ak,

k=0
bu yerda a,— qator koeffitsientlari. Tenglama bilan ishlash uchun ushbu gatorning
hosilalarini hisoblaymiz:

y'(x) = z ka,x*1,
k=1

y'() = D k(k = Dagrk?,
k=2

Ushbu ifodalarni asl tenglamaga go‘yib:

(1—x2) Z k(k — Dagx*? —x z ka,x* 1 + AZ axk =0
k=2 k=1 k=0

Ayrim algebraik amallardan so‘ng va x ning darajalariga ko‘ra tagqoslash natijasida
quyidagi rekurrent munosabatga kelamiz:
k?— 2
T2 = G D2
Polinomial yechimlarni aniglash va Chebishev polinomlari bilan bog¢ligligi. Yechim
polinom bo‘lishi uchun qator uzilishi kerak, ya’ni ax+2 = 0 bo‘lishi kerak. Bu holat quyidagi
shartda sodir bo‘ladi:

k=012..

k-1 =0,
A = k2

Chunki k butun manfiy bo‘lmaganson (k = 0,1,2,...), 2 = n? deb belgilaymiz, bu yerda
n biror butun son. Shunda k = n bo‘lganda a, ,, = 0 bo‘ladi va undan keyingi barcha
koeffitsientlar ham nolga aylanadi. Bu gatorning uzilishini, y(x) esa n darajali polinomga
aylanishini anglatadi.

Chebishev polinomlari bilan bog‘liglikni aniq ko‘rish uchun n ning bir nechta giymatlarini
ko‘rib chigamiz. Birinchi turdagi Chebishev polinomlari Tn(x) rekurrent tarzda belgilanadi:

To() =1, Ti(x)=2x Tp(x) = 2xTyy41(x) — Tn(x),
val = n? da Chebishev tenglamasini ganoatlantiradi.

Misollar:
e A =0 (n=0) uchun:
ea, = —%: 0, a, = 0, Qg = o,..
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«y(x) = ao.
bu To(x) = 1 ga doimiygacha mos keladi.
eA=1(n=1)uchun a, = —1'2ﬂ= 0, as e 0, a,=0,..,

6
va boshlang‘ich shartlarga ko‘ra a, = 0, a; = 1 tanlansa, y(x) = x bo‘ladi, bu T,,(x) ga mos

keladi.

Chebishev polinomlari T, (x) [—1, 1] da belgilangan va polinom bo‘lgani uchun cheklangan.
Ularning chegaradagi giymatlari:

T.(1) = 1,T,(-1) = (=",

bu chekli gqiymatlar bo‘lib, x — + 1 da cheklanganlik talabini ganoatlantiradi.

Natijalar. Darajali gator usuli masalani koeffitsientlarni belgilovchi rekurrent bog‘lanishga
keltirib chigardi. A = n? da gatorning uzilishi sharti polinomial yechimlar fagat diskret A
giymatlari uchun paydo bo‘lishini ko‘rsatdi va bu yechimlar birinchi turdagi Chebishev
polinomlari ekanligini anigladi.

Yechimning yakuniy natijasi: 4 = n?uchun, bu yerda n = 0, 1, 2,..., chegara shartlarini
hisobga olgan holda differensial tenglamaning umumiy yechimi quyidagicha yoziladi:

y(x) = ¢ T(x),
bu yerda c; ixtiyoriy doimiy, T, (x)esa n darajali birinchi turdagi Chebishev polinomidir.
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MOJAEJMPOBAHMUE ITPOCTPAHCTBEHHOI'O PACITPEJAEJIEHUA
CKOPOCTH BETPA B ATMOC®EPE
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AHHoOTaunusi. B paboTe MpeacTaBIeHO YMCIEHHOE MOJECIUPOBAHHE TPEXMEPHOIO OIS
CKOpOCTH BeTpa B aTMocdepe Ha ocHoBe ypaBHeHHH HaBbe—Crokca. Pazpaboran ycToWuMBBI
QITOPUTM pELICHUs 3aa4d THIPOJUHAMUKYU C UCIIOJIb30BAHUEM HESIBHOM PAa3HOCTHOM CXEMBI U
anIpOKCUMAallMA BBICOKOTO TOpsAaKa. Mojenp y4HMTBIBAET HPOCTPAHCTBEHHO-BPEMEHHYIO
M3MEHYUBOCTH CKOPOCTH BO3YIIIHBIX MAacC B HAIIPaBJIEHUSX U, V U W, UTO [TO3BOJISIET O0JIee TOYHO
OIUCBIBATh MPOLIECCHI IIEPEHOCA 3arPSI3HSAIOIIMX BELIECTB B aTMOChepe.

KiroueBbie cjioBa: MOzenb, CKOPOCTH, HalpaBlieHUs BeTpa, ypaBHeHus Hasbe-Crokca,
METOJ KOHEYHO-Pa3HOCTHBIX, alllTPOKCUMALIHS.

MODELING THE SPATIAL DISTRIBUTION OF WIND SPEED IN THE
ATMOSPHERE
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